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THE NEGATIVE SIDE OF COHOMOLOGY FOR CALABI-YAU
CATEGORIES
PETTER ANDREAS BERGH, DAVID A. JORGENSEN & STEFFEN OPPERMANN
Abstract. We study Z-graded cohomology rings defined over Calabi-Yau cat-
egories. We show that the cohomology in negative degree is a trivial extension
of the cohomology ring in non-negative degree, provided the latter admits a
regular sequence of central elements of length two. In particular, the product
of elements of negative degrees are zero. As corollaries we apply this to Tate-
Hochschild cohomology rings of symmetric algebras, and to Tate cohomology
rings over group algebras. We also prove similar results for Tate cohomology
rings over commutative local Gorenstein rings.
1. Introduction
Let T be an n-Calabi-Yau triangulated category, and X an object in T . We
investigate the structure of the Z-graded cohomology ring
Hom∗T (X,X) = ⊕i∈ZHomT (X,Σ
iX).
One of our main results states that when the subalgebra ⊕i≥0HomT (X,Σ
iX)
possesses a regular sequence of length 2 of central elements of positive degree,
then n ≤ −1 and most products in negative degree are trivial. More precisely, if
x, y ∈ Hom∗T (X,X) with |x| ≤ n and |y| < 0, then xy = 0. In particular, when
n = −1, which is a common case in applications, then one can remove the word
“most” from the previous sentence, and in fact, the cohomology in negative degree
is a trivial extension of the cohomology ring in non-negative degree.
The main situation to which our results apply is when T is the stable module
category of a finite dimensional symmetric algebra Λ over a field. Here our results
translate to the Tate cohomology ring Êxt
∗
Λ(M,M) of a finitely generated (left) Λ-
module M having trivial products in negative degree. As a special case we recover
a result of Benson and Carlson [BenCa] on the Tate cohomology ring Êxt
∗
kG(k, k),
for G a finite group whose order is divisible by the characteristic of the ground field
k. Indeed, their paper served as a major inspiration for the present one. Another
corollary is that the Tate-Hochschild cohomology ring ĤH
∗
(Λ) of a symmetric al-
gebra Λ, defined in [BerJo], has trivial products in negative degree. We also give
various results on the structure of the cohomology rings when ⊕i≥0HomT (X,Σ
iX)
is only assumed to admit a single central regular element of positive degree.
In Section 2 we derive properties in the abstract for products in Z-graded asso-
ciative algebras which possess a natural duality. The key point here is that when
the nonnegative side of such algebras admit a regular sequence of length 1 or 2
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contained in the positive side of the algebra, then products in negative degrees are
often zero. These results lay the foundation for the rest of the paper.
In Section 3 we apply the results of Section 2 to cohomology rings of objects
in n-Calabi-Yau categories. This includes the specific results on Tate and Tate-
Hochschild cohomology mentioned above.
Finally, in Section 4 we prove similar results for Tate cohomology rings over
commutative Noetherian local rings, in particular Gorenstein rings. For example,
we show that when (R,m) is a zero-dimensional local Gorenstein ring,M is a finitely
generated R-module, and ⊕i≥0 Ext
i
R(M,M) contains a regular sequence of length
two, then in Êxt
∗
R(M,M) the products of negative degree are zero (cf. [AvVe]
where the structure of Êxt
∗
R(R/m, R/m) is treated in any dimension.)
2. Products in Z-graded algebras
Throughout this section we let A =
⊕
i∈ZA
i be a Z-graded ring, that is, a
unital ring graded by the integers. For an integer n we write A≥n =
⊕
i≥n A
i (and
similarly for A>n, A≤n, . . . ). We will be particularly interested in the non-negative
subalgebra A≥0 = ⊕i≥0A
i of A. For any graded A-module M and any integer t,
the shifted graded module M [t] is defined by M [t]i =M i+t.
Definition. The Z-graded ring A has non-degenerate products in degree n if for
any integer i and any a ∈ Ai \ {0} there are b, c ∈ An−i such that
ab 6= 0 6= ca.
If A is also a k-algebra, for k a field (always assumed to be concentrated in
degree zero) we let DA denote the graded dual of A, that is the bimodule given by
(DA)i = Homk(A
−i, k).
Definition. Assume A is a Z-graded k-algebra over a field k. Then A is n-shifted
selfdual if
A[n] ∼= DA
as left (or equivalently as right) A-modules.
Bilinear forms. For a graded ring A, consider a graded bilinear form
〈−,−〉 : A×A→ X,
where X is some abelian group, concentrated in degree n. (If A additionally is a
k-algebra, we assume X to be a k-module and the form to be k-bilinear.) This
means we have a family of bilinear maps
〈−,−〉i : Ai ×An−i → X.
Definition. The graded bilinear form 〈−,−〉 : A×A→ X is called
• non-degenerate if for i ∈ Z and a ∈ Ai \ {0} there are b, c ∈ An−i such that
〈a, b〉 6= 0 6= 〈c, a〉.
• associative if for any a ∈ Ai, b ∈ Aj , and c ∈ An−i−j we have 〈ab, c〉 =
〈a, bc〉.
Proposition 2.1. Let A be a Z-graded ring. Then A has non-degenerate products
in degree n if and only if A admits a non-degenerate associative graded bilinear
form to an abelian group concentrated in degree n.
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Proof. Giving an associative graded bilinear form A×A→ X is equivalent to giving
a graded map A⊗AA→ X of abelian groups (where the tensor product A⊗AA is
the graded tensor product). Note that A ⊗A A ∼= A as graded rings, and thus we
obtain a map An → X of abelian groups. The claim now follows. 
Proposition 2.2. Let A be a Z-graded k-algebra. Then the following are equivalent
(1) A is n-shifted selfdual, and
(2) all graded pieces Ai are finite dimensional, and A admits a non-degenerate
associative graded bilinear form A×A→ k[−n].
Proof. (1) ⇒ (2): Fix an isomorphism Φ: A[n] → DA of graded left A-modules.
Then Φ consists of isomorphisms Φi : An+i → Homk(A
−i, k) for all i. In particular
we obtain isomorphisms
Homk((Φ
−n−i)−1, k) ◦ Φi : An+i → Homk(Homk(A
n+i, k), k).
It follows that An+i is a finite dimensional k-vector space for all i.
Now we can define a non-degenerate associative graded bilinear form by
A×A
1×Φ[−n]
−−−−−−→ A× DA[−n]
ev.
−−→ k[−n]
(a, ϕ) 7→ ϕ(a)
(2) ⇒ (1): Since the graded pieces are now assumed to be finite dimensional,
having a non-degenerate bilinear form Ai × An−i → k gives an isomorphism Ai →
Homk(A
n−i, k). Together these isomorphisms form an isomorphismA→ D(A[n]) =
DA[−n] of graded k-vector spaces.
The associativity of the bilinear form implies that this isomorphism respects the
A-module structure. 
Remark. We note that the two propositions above in particular show that any
algebra being n-shifted selfdual also has non-degenerate products in degree n.
Regular elements. Let A be a Z-graded ring. A homogeneous central element
r ∈ A is called a regular element of A if the implication
ra = 0 =⇒ a = 0
holds for all a ∈ A.
Throughout this subsection, we assume that r is a central element of A of positive
degree, and a regular element of A≥0. We assume additionally that A has non-
degenerate products in degree n.
We consider the following two subbimodules of A:
Torr A = {a ∈ A | r
ia = 0 for some i ≥ 0} the r-torsion part of A
I = (A≤n) the ideal of A generated by elements
of degree at most n
Theorem 2.3. Let A be a Z-graded ring which has non-degenerate products in
degree n. If r is a homogeneous central element of A of positive degree, and a
regular element of A≥0, then we have the following:
(1) I · Torr A = 0 = Torr A · I;
(2) either n < 0, or r acts regularly on A.
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Proof. For (1) it is sufficient to show that A≤n · Torr A = 0 = Torr A · A
≤n. We
show the first equality, the second one can be shown similarly.
Let a ∈ Ai for some i ≤ n, and b ∈ (Torr A)
j . Assume ab 6= 0. Then there exists
c ∈ An−i−j such that abc 6= 0. Since Torr A is a subbimodule of A we have
bc ∈ (Torr A)
j+(n−i−j) = (Torr A)
n−i ⊆ (Torr A)
≥0 = 0,
where the last equality follows from the assumption that r acts regularly on A≥0.
This is clearly a contradiction, so ab = 0.
(2): Note that if n ≥ 0 then 1A ∈ I, so I = A. It follows from (1) that
Torr A = 0, so r acts regularly on A. 
We observe that if A is an algebra over a field, which is n-shifted selfdual, we
obtain the following more explicit description of I, and of what it means that r acts
regularly on A.
Lemma 2.4. Assume A is a Z-graded algebra over a field k, which is n-shifted
selfdual, and r is a central element of A of positive degree and regular on A≥0.
Then
D I ∼= (A/Torr A)[n]
as right and as left A-modules.
Proof. By definition I is the smallest subbimodule of A containing A≤n. Applying
D−[−n] we obtain that D I[−n] is the smallest factor bimodule of A, in which no
elements of A≥0 become zero. It is clear that this is a factor bimodule of A/Torr A.
On the other hand r acts regularly on A/Torr A, so any non-zero element a of
A/Torr A has a non-zero multiple of the form r
ia ∈ A≥0, and thus cannot be
mapped to zero. It follows that D I[−n] ∼= A/Torr A. 
Lemma 2.5. Assume A is an algebra over a field k, which is n-shifted selfdual. If
r is a central element of A of positive degree which acts regularly on A, then A is
periodic.
Proof. It follows from duality that r acting regularly is equivalent to every element
being divisible by r. Thus r acts bijectively on A, and thus induces isomorphisms
Ai → Ai+|r| for all i. 
It follows from Theorem 2.3 and Lemma 2.5 that the case n ≥ 0 is very special.
In practice it seems the most typical case is n = −1, which we therefore record here
explicitly.
Theorem 2.6. Assume A is an algebra over a field k, which is (−1)-shifted selfdual,
and r is a central element of A of positive degree which is regular on A≥0. Then A
has a filtration of subbimodules
0 ⊆ Torr A ⊆ I ⊆ A,
such that
(1) Torr A is concentrated in negative degrees, A/I is concentrated in non-
negative degrees, and these two are dual as left and as right A-modules.
(2) I/Torr A is periodic.
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Proof. We first note that Torr A is concentraded in negative degrees by assumption,
and I contains all elements of negative degree by definition. Thus we have the
filtration of the theorem, and the first two statements of (1).
For the duality statement in (1) note that
D(A/I) = Ker[DA։ D I] = (Torr A)[−1]
by Lemma 2.4.
For (2) note that r acts regularly on I/Torr A, and that I/Torr A is selfdual.
The proof now follows the proof of Lemma 2.5. 
Depth ≥ 2. In this subsection we assume that the non-negative part A≥0 of a
Z-graded ring A admits a regular sequence (r, r˜) of length 2 of central elements of
positive degree. That means that r acts regularly on A≥0, and r˜ acts regularly on
A≥0/rA≥0.
In this situation we obtain the following:
Lemma 2.7. Let A be a Z-graded ring, such that A≥0 admits a regular sequence
(r, r˜) of central elements of A of positive degree. Then
Torr A = A
<0.
Proof. Assume there is a ∈ A<0 \Torr A. Then for any i we have r
ia 6= 0. Choose
i minimal such that ria ∈ A≥0. Clearly ria 6∈ rA≥0, but for j ≫ 0 we have
r˜jria = rr˜jri−1a ∈ rA≥0. This contradicts the assumption that r˜ acts regularly on
A≥0/rA≥0. 
Remark. We know that Torr A is an A-subbimodule of A. Lemma 2.7 shows that
it is also a quotient A≥0-bimodule of A, and thus
A ∼= A≥0 ⊕A<0
as A≥0-bimodules.
We obtain the following result immediately from Theorem 2.3 and Lemma 2.7.
Theorem 2.8. Let A be a Z-graded ring having non-degenerate products in degree
n, such that A≥0 admits a regular sequence (r, r˜) of central elements of A of positive
degree. Then n < 0, and A≤n ⊆ A<0 are ideals of A annihilating each other.
Proof. By Lemma 2.7 we know that A<0 = Torr A is an ideal of A. It follows from
Theorem 2.3(2) that n < 0. (Note that Torr A = A
<0 6= 0, since otherwise the
non-degenerate products assumption would imply A>n = 0, clearly contradicting
the existence of a regular element.)
As before we denote by I the ideal generated by A≤n. By Theorem 2.3(1) we
know that I and A<0 annihilate each other.
It remains to show that I = A≤n. Assume a ∈ Ii \ {0} for some i > n. By
assumption there is b ∈ An−i ⊆ A<0 such that ab 6= 0, and this contradicts the fact
that I ·A<0 = 0. 
If we restrict to the special case that A is (−1)-shifted selfdual we otain the
following more explicite description of A.
Corollary 2.9. Let A be a Z-graded ring having non-degenerate products in degree
−1. If A≥0 admits a regular sequence (r, r˜) of central elements of A of positive
degree, then
A ∼= A≥0 ⋉A<0.
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If A is moreover a k-algebra which is (−1)-shifted selfdual, then DA<0 ∼= A≥0[−1]
both as left and as right A≥0-modules.
Proof. The first statement holds since, by Theorem 2.8 A<0 is an ideal which
squares to zero. The second claim is a restatement of Lemma 2.4, using Torr A =
A<0 (Lemma 2.7) and I = A<0 (proof of Theorem 2.8). 
3. Calabi-Yau Categories
In this section we apply the general results from Section 2 to endomorphism rings
in Calabi-Yau triangulated categories. We fix a field k, and start with a general
lemma, which guarantees that a certain family of bilinear forms is associative and
non-degenerate. Recall first that a category T is a k-category if for all objects
X,Y, Z ∈ T , the set HomT (X,Y ) is a k-vector space, and composition
HomT (Y, Z)×HomT (X,Y )→ HomT (X,Z)
is k-bilinear.
Lemma 3.1. Let k be a field, T a k-category, and X and Z objects in T such that
there is a natural isomorphism
η : HomT (X,−)→ DHomT (−, Z).
Then the bilinear forms
〈−,−〉Y : HomT (Y, Z)⊗k HomT (X,Y )→ k
f ⊗ g 7→ ηY (g)(f)
are non-degenerate. Moreover, they are associative in the sense that 〈f, g ◦ h〉Y =
〈f ◦g, h〉Y ′ for all objects Y
′ ∈ T and all morphisms Y
f
−→ Z, Y ′
g
−→ Y and X
h
−→ Y ′
in T .
Proof. The bilinear forms are non-degenerate by definition, so we only have to
check associativity. The isomorphism η being natural means that for any morphism
Y ′
g
−→ Y there is an equality
DHomT (g, Z) ◦ ηY = ηY ′ ◦HomT (X, g).
Applying this to a morphism X
h
−→ Y ′ we obtain
ηY ′(h)(− ◦ g) = ηY (g ◦ h)(−),
and inserting a morphism Y
f
−→ Z we obtain the formula of the lemma. 
Having established this elementary lemma, we turn now to Calabi-Yau triangu-
lated categories. Let T be a Hom-finite (i.e. HomT (X,Y ) is a finite dimensional
k-vector space for all objects X,Y ) triangulated k-category with suspension functor
Σ: T → T . A Serre functor on T is an equivalence S : T → T of triangulated k-
categories, together with functorial isomorphisms HomT (X,Y ) ∼= DHomT (Y, SX)
of vector spaces for all objects X,Y ∈ T . By [BoKa], such a functor is unique if
it exists. For an integer n ∈ Z, the category T is called n-Calabi-Yau if it admits
a Serre functor which is isomorphic as a triangle functor to Σn (cf. [Ke]). In this
case there are functorial isomorphisms HomT (X,Y ) ∼= DHomT (Y,Σ
nX) of vector
spaces for all objects X,Y ∈ T .
We show next that Lemma 3.1 implies these functorial isomorphisms induce a
non-degenerate associative graded bilinear form on the graded endomorphism ring
THE NEGATIVE SIDE OF COHOMOLOGY FOR CALABI-YAU CATEGORIES 7
of an object in T . We first recall briefly some facts about such graded endomorphism
rings. For an object X ∈ T , the graded endomorphism ring of X is the graded
vector space
A = ⊕i∈ZA
i with Ai = HomT (X,Σ
iX),
together with a product defined as follows. For f ∈ Ai and g ∈ Aj , we identify
f with its image under the isomorphism Ai ∼= HomT (Σ
j X,Σi+j X) and define
fg ∈ Ai+j by composition.
Proposition 3.2. Let k be a field, T an n-Calabi-Yau triangulated k-category,
and X an object in T . Let A = ⊕iA
i denote the graded endomorphism ring of
X, namely, the Z-graded k-algebra with Ai = HomT (X,Σ
iX). Then there exists a
non-degenerate associative graded bilinear form
〈−,−〉 : A⊗k A→ k[−n].
Proof. Since T is n-Calabi-Yau, there are functorial isomorphisms
HomT (X,Σ
n−iX) ∼= DHomT (Σ
n−iX,ΣnX)
for all i. Therefore from Lemma 3.1 we have a family of non-degenerate bilinear
forms
〈−,−〉i : HomT (Σ
n−iX,ΣnX)⊗k HomT (X,Σ
n−iX)→ k.
Moreover, this family of bilinear forms is associative in the sense that for Σn−iX
f
−→
ΣnX , Σn−j X
g
−→ Σn−iX and X
h
−→ Σn−j in T , we have 〈f, g ◦ h〉i = 〈f ◦ g, h〉j.
Using the functorial isomorphisms Ai ∼= HomT (Σ
n−iX,ΣnX) for all i, we thus
obtain a non-degenerate associative graded bilinear form
A⊗k A→ k[−n],

We may therefore apply the results of Section 2 to the graded endomorphism
rings of objects in n-Calabi-Yau categories. For future reference we summarize
these in the following.
As in the previous section we let Torr A = {a ∈ A | r
ia = 0 for some i ≥ 0}
denote the r-torsion part of A, and I = (A≤n) denote the ideal of A generated by
elements of degree at most n.
Theorem 3.3. Let k be a field, and T an n-Calabi-Yau triangulated k-category.
Furthermore, let X be an object in T , and denote by A the Z-graded k-algebra with
Ai = HomT (X,Σ
iX).
If r is a homogeneous central element of A of positive degree which is regular on
A≥0, then
(1) I · Torr A = 0 = Torr A · I;
(2) either n < 0, or r acts regularly on A, and A is periodic;
(3) D I ∼= (A/Torr A)[n] as right and as left A-modules.
If in addition A≥0 admits a regular sequence (r, r˜) of central elements of A of
positive degree, then
(4) Torr A = A
<0;
(5) A ∼= A≥0 ⋉A<0;
(6) A≤n ⊆ A<0 are ideals of A annihilating one another.
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
We can further apply Theorem 3.3 and the results of Section 2 to Tate cohomol-
ogy rings of objects in the stable module category of a symmetric algebra. Recall
that a finite dimensional k-algebra Λ is symmetric if there exists an isomorphism
Λ ∼= D(Λ) of Λ-bimodules. Such an algebra is in particular selfinjective, and its
stable module category modΛ (we consider only finitely generated left modules) is
a Hom-finite triangulated k-category with suspension functor Σ = Ω−1Λ . Given an
integer i ∈ Z and two Λ-modulesM,N , the ith Tate cohomology group Êxt
i
Λ(M,N)
is defined as
Êxt
i
Λ(M,N)
def
= HomΛ(M,Ω
−i
Λ (N)),
that is, the vector space HommodΛ(M,Σ
iN). When M = N , the graded k-vector
space Êxt
∗
Λ(M,M) = ⊕i∈Z Êxt
i
Λ(M,M) becomes a ring, the Tate cohomology ring
of M .
Proposition 3.4. Let k be a field, Λ a finite dimensional symmetric k-algebra.
Then the stable module category modΛ is (−1)-Calabi-Yau.
Proof. Given finitely generated Λ-modules M and N , there is a functorial isomor-
phism
HomΛ(M,N)
∼= DHomΛ(N, τΩ
−1
Λ (M)),
where τ is the Auslander-Reiten translate (cf. [KrLe] or [Bu]). Also, by the result
[AuReSm, Proposition IV.3.8], the Auslander-Reiten translate is naturally isomor-
phic to Ω2Λ, hence we obtain a functorial isomorphism
HomΛ(M,N)
∼= DHomΛ(N,Ω
1
Λ(M)).
Consequently, the stable module category modΛ is (−1)-Calabi-Yau. 
Theorem 3.5. Let k be a field, Λ a finite dimensional symmetric k-algebra and
M a finitely generated left module. Denote by A the Z-graded k-algebra with Ai =
Êxt
i
Λ(M,M).
If r is a homogeneous central element of A of positive degree which is regular on
A≥0, then
(1) I · Torr A = 0 = Torr A · I;
(2) A has a filtration of subbimodules 0 ⊆ Torr A ⊆ I ⊆ A such that
• Torr A is concentrated in negative degrees, A/I is concentrated in non-
negative degrees, and these two are dual as left and as right A-modules;
• I/Torr A is periodic.
If in addition A≥0 admits a regular sequence (r, r˜) of central elements of A of
positive degree, then
(3) Torr A = A
<0;
(4) (A<0)2 = 0 and A ∼= A≥0 ⋉A<0;
(5) DA<0 ∼= A≥0[−1] both as left and as right A≥0-modules.

The group algebra of a finite group is symmetric, and so Theorem 3.5 applies to
Tate cohomology rings of modules over such an algebra. In particular, the theorem
applies to the Tate group cohomology ring, which is just the Tate cohomology ring
of the trivial module. We thus recover [BenCa, Theorem 3.1]. Note that the Tate
group cohomology ring is always graded commutative, hence homogeneous elements
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in odd degree square to zero when the characteristic of the underlying field is not
two. Therefore, when the characteristic of the underlying field is not two, a homo-
geneous regular sequence must consist of elements in even degrees. Consequently, in
any characteristic, a homogeneous regular sequence must automatically be central.
Corollary 3.6. Let k be a field, G a finite group whose order is divisible by the
characteristic of k, and denote by A the Tate group cohomology ring Êxt
∗
kG(k, k).
Then the conclusions of Theorem 3.5 hold.
As a second application of Theorem 3.5, we consider the Tate analogue of
Hochschild cohomology rings. Let Λ be a finite dimensional symmetric k-algebra.
Then by [BerJo, Corollary 3.3], its enveloping algebra Λe = Λ ⊗k Λ
op is also sym-
metric. Given an integer i ∈ Z, the ith Tate-Hochschild cohomology group ĤH
i
(Λ)
is defined as
ĤH
i
(Λ)
def
= Êxt
i
Λe(Λ,Λ),
and the graded ring ĤH
∗
(Λ) is the Tate-Hochschild cohomology ring of Λ. In
positive degree, this ring coincides with the ordinary Hochschild cohomology ring,
i.e. ĤH
≥1
(Λ) = HH≥1(Λ). As with group cohomology rings of finite groups, Tate-
Hochschild cohomology rings are graded commutative, hence homogeneous regular
sequences must be central.
Corollary 3.7. Let k be a field, Λ a finite dimensional symmetric k-algebra, and
denote by A the Tate-Hochschild cohomology ring ĤH
∗
(Λ). Then the conclusions
of Theorem 3.5 hold.
We include an example illustrating Corollary 3.7.
Example. Let c be a positive integer and Λ the commutative local complete in-
tersection
k[x1, . . . , xc]/(x
a1
1 , . . . , x
ac
c ),
where a1, . . . , ac are integers, all at least 2. This is a finite dimensional symmetric
k-algebra. We denote the characteristic of the ground field k by p.
Suppose that c = 1, and denote x1 and a1 by just x and a, so that Λ = k[x]/(x
a).
Then it follows from [BerJo, Theorem 4.4] that
dim ĤH
n
(Λ) =
{
a− 1 if p ∤ a
a if p | a
for every integer n ∈ Z. It is well known that Λ is periodic as a bimodule over
itself, with period at most 2. Also, by [Ho, Theorem 7.1], its ordinary Hochschild
cohomology ring HH∗(Λ) is given by
HH∗(Λ) ∼=


k[u, v, w]/(ua, wua−1, vua−1, v2) if p ∤ a
k[u, v, w]/(ua, v2) if p | a and p 6= 2
k[u, v, w]/(ua, v2 − wua−2) if p | a, p = 2 and a ≡ 2(mod 4)
k[u, v, w]/(ua, v2) if p | a, p = 2 and a ≡ 0(mod 4)
where |u| = 0, |v| = 1 and |w| = 2. The element w is the “periodicity ele-
ment”, and the element u corresponds to the element x ∈ Λ. When passing to
the Tate-Hochschild cohomology ring ĤH
∗
(Λ), the socle element xa−1, i.e. the ele-
ment ua−1, vanishes when p ∤ a. Therefore the non-negative part ĤH
≥0
(Λ) of the
10 PETTER ANDREAS BERGH, DAVID A. JORGENSEN & STEFFEN OPPERMANN
Tate-Hochschild cohomology ring is given by
ĤH
≥0
(Λ) ∼=


k[u, v, w]/(ua−1, v2) if p ∤ a
k[u, v, w]/(ua, v2) if p | a and p 6= 2
k[u, v, w]/(ua, v2 − wua−2) if p | a, p = 2 and a ≡ 2(mod 4)
k[u, v, w]/(ua, v2) if p | a, p = 2 and a ≡ 0(mod 4).
Consequently, there does not exist a regular sequence in ĤH
≥0
(Λ) of length 2
of homogeneous elements of positive degree; the periodicity element w forms a
maximal homogeneous regular sequence. Of course, this is not unexpected; since Λ
is periodic as a bimodule, there are lots of negative degree homogeneous elements
η, θ ∈ ĤH
∗
(Λ) with ηθ 6= 0.
Next, suppose that c ≥ 2. Since Λ is isomorphic to the tensor product
k[x1]/(x
a1
1 )⊗k · · · ⊗k k[xc]/(x
ac
c ),
its Hochschild cohomology ring HH∗(Λ) is isomorphic to a twisted tensor product
HH∗(k[x1]/(x
a1
1 ))⊗̂k · · · ⊗̂k HH
∗(k[xc]/(x
ac
c )).
This is almost the same as the usual tensor product, the only difference is that
elements of odd degrees anticommute. From the proof of [BerJo, Theorem 4.4] it
follows that the dimension of ĤH
0
(Λ) is given by
dim ĤH
0
(Λ) =
{ ∏c
i=1 ai − 1 if p ∤ ai for all i∏c
i=1 ai if p | ai for one i.
Consequently, when p divides one of the ai, then when passing from HH
∗(Λ) to
ĤH
∗
(Λ), the socle element xa11 · · ·x
ac
c vanishes. At any rate, regardless of the
characteristic p, we see that ĤH
≥0
(Λ) contains a regular sequence of length c
of homogeneous elements of positive degrees. For instance, we could take the
sequence w1, . . . , wc, where each wi corresponds to the periodicity element in
ĤH
∗
(k[xi]/(x
ai
i )). By Corollary 3.7, if η, θ ∈ ĤH
∗
(Λ) are negative degree homoge-
neous elements, then ηθ = 0.
4. Commutative local rings
In this final section we consider negative products in Tate cohomology over
commutative local (meaning also Noetherian) rings. Let R be such a ring, and
denote the functor HomR(−, R) by (−)
∗. Recall that a finitely generated R-module
X is called totally reflexive if the following three conditions hold:
(1) X is reflexive, that is, the canonical homomorphism X → X∗∗ is an iso-
morphism.
(2) ExtiR(X,R) = 0 for i ≥ 1.
(3) ExtiR(X
∗, R) = 0 for i ≥ 1.
Such a module is also called a module of Gorenstein dimension zero. Now recall
that a complex
T : · · · → F2
∂T
2−−→ F1
∂T
1−−→ F0
∂T
0−−→ F−1 → F−2 → · · ·
of R-modules is called a complete resolution if the modules Fi are finitely generated
free and both T and T ∗ are acyclic. It is well known that a module X is totally
reflexive if and only if it is the image Im ∂T0 of a map in such a complete resolution
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T . In this case, given any R-module Y , the ith Tate cohomology group Êxt
i
R(X,Y )
is defined as
Êxt
i
R(X,Y )
def
= Hi (HomR(T, Y )) .
That is, the group Êxt
i
Λ(X,Y ) is the ith cohomology of the complex HomR(T, Y ).
When Y = X , then the graded R-module Êxt
∗
R(X,X) = ⊕i∈Z Êxt
i
R(X,X) becomes
an R-algebra called the Tate cohomology ring of X , where the multiplication is given
by composition of chain maps on the complete resolution of X .
It should be noted that Tate cohomology can be defined more generally when
X has finite Gorenstein dimension, not only when X is totally reflexive. However,
we shall only consider modules that are totally reflexive. Note also that the ring
R is Gorenstein if and only every maximal Cohen-Macaulay R-module is totally
reflexive [AuBr]. In particular, if R is a zero-dimensional Gorenstein ring (i.e. if R
is selfinjective), then every R-module is totally reflexive.
Commutative local Gorenstein rings. Let R be a commutative local Goren-
stein ring with maximal ideal m and Krull dimension d. As mentioned above, in
this case all maximal Cohen-Macaulay R-modules are totally reflexive. Recall that
a finitely generated R-module X is said to be free on the punctured spectrum of
R if Xp is a free Rp-module for all non-maximal primes ideals p of R. By [Bu,
7.7.5(i)], when X is free on the punctured spectrum of R we have for all i natural
isomorphisms
ηi : Êxt
i
R(X,−)→ HomR(Êxt
d−1−i
R (−, X), E)
where E denotes the injective hull of the residue field R/m of R. It follows that
we have a graded bilinear form
(1) 〈−,−〉 : A⊗R A→ E[1− d]
where A = ⊕i∈Z Êxt
i
R(X,X), and 〈−,−〉
i : Ai ⊗R A
d−1−i → E[1− d] is defined by
〈f, g〉i = ηd−1−i(g)(f).
The following result is a special case of [Bu, 7.7.5(iii)].
Proposition 4.1. Let R be a commutative local Gorenstein ring of dimension
d, and X be a maximal Cohen-Macualay R-module which is free on the punctured
spectrum of R. Then the graded bilinear form (1) is non-degenerate and associative.
We now make statements in terms of regular sequences as in the previous section.
However, we encounter a dichotomy due to (2) of Theorem 2.8, since the index of
duality n = d − 1 may be non-negative. We treat the d = 0 and d > 0 cases
separately, starting with the former. In this case all R-modules are free on the
punctured spectrum vacuously.
Theorem 4.2. Let (R,m) be a zero-dimensional commutative local Gorenstein
ring, and denote by A the Tate cohomology ring Êxt
∗
R(X,X) of the finitely generated
R-module X. If A≥0 contains a regular sequence of length two of central elements
of positive degree, then
A ∼= A≥0 ⋉A<0.
Remark. In [AvVe] additional structure is specified in the special case ofM = R/m,
but for any dimension.
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Theorem 4.3. Let (R,m) be a commutative local Gorenstein ring of dimension
d > 0, and denote by A the Tate cohomology ring Êxt
∗
R(X,X) of the finitely gener-
ated maximal Cohen-Macaulay R-module X which is free on the punctured spectrum
of R. Then A≥0 contains at most a regular sequence of length one of central ho-
mogeneous elements of positive degree.
Proof. The result follows from Proposition 4.1 and (3) of Theorem 2.8. 
Since ExtiR(X,X)
∼= Êxt
i
R(X,X) for all i > 0, and Êxt
0
R(X,X) is a quotient of
Ext0R(X,X) when X is a maximal Cohen-Macaulay R-module, we get the following
corollary involving the absolute Ext algebra.
Corollary 4.4. Let (R,m) be a commutative local Gorenstein ring of Krull dimen-
sion d > 0, and X a finitely generated maximal Cohen-Macaulay R-module which is
free on the punctured spectrum of R. Then Ext∗R(X,X) contains at most a regular
sequence of length one of central homogeneous elements of positive degree. 
When (R,m) is a commutative local Gorenstein ring of positive Krull dimension,
then the residue field k = R/m is never a maximal Cohen-Macaulay R-module. In
contrast to the above corollary, Lemma 8.3 of [AvVe] shows that if R is moreover
a complete intersection, then the absolute Ext algebra, Ext∗R(k, k), does have a
regular sequence of central elements of length equal to the codimension of R. Hence
when the codimension is at least two (i.e. when R is not a hypersurface) then the
product of two negative degree elements in Êxt
∗
R(k, k) is zero. We illustrate this
(and Theorem 4.2) with an example, using the same ring as in the example in
Section 3.
Example. Let c be a positive integer andR the commutative local zero-dimensional
complete intersection
k[x1, . . . , xc]/(x
a1
1 , . . . , x
ac
c ),
where a1, . . . , ac are integers, all at least 2. It follows from [BerOp, Theorem 5.3]
that the Ext-algebra of k is given by
Ext∗R(k, k) = k〈y1, . . . , yc, z1, . . . , zc〉/I,
where I is the ideal in k〈y1, . . . , yc, z1, . . . , zc〉 generated by the following relations:
zizj − zjzi
ziyj − yjzi
yiyj + yjyi for i 6= j
y2i − zi if ai = 2
y2i if ai 6= 2.
The degrees of the homogeneous generators are given by |yi| = 1 and |zi| = 2. For
example, when all the exponents ai are at least 3, then
Ext∗R(k, k) = ∧
∗(y1, . . . , yc)⊗k k[z1, . . . , zc],
where ∧∗(y1, . . . , yc) is the exterior algebra on the generators y1, . . . , yc.
The depth of Ext∗R(k, k) is c, and the sequence z1, . . . , zc is a maximal regular
sequence in Ext∗R(k, k). When c = 1, then k is a periodic module, and so Êxt
∗
R(k, k)
contains lots of nonzero products of elements of negative degrees. When c ≥ 2, then
Theorem 4.2 shows that the product of two negative degree elements in Êxt
∗
R(k, k)
is always zero.
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General non-degeneracy. Finally, we include a discussion and result which ex-
plains in a transparent manner the non-degeneracy of the graded bilinear form
〈−,−〉 : Êxt
∗
R(R/m, R/m)⊗R Êxt
∗
R(R/m, R/m)→ R[1].
in the case where R is a zero-dimensional commutative Gorenstein ring.
Let I be an ideal of the commutative local ring (R,m), and assume that R/I
has a complete resolution of the form
T : · · · → Rb2
∂2−→ Rb1
∂1−→ R
s
−→ R→ · · ·
so that s factors through the natural map R→ R/I. Furthermore, assume that M
is a totally reflexive R-module whose complete resolution U satisfies Im ∂Ui ⊆ IUi−1
for all i. We define a non-degenerate pairing
Êxt
−i−1
R (X,R/I)⊗R Êxt
i
R(R/I,X)→ R/I
as follows. Choose a nonzero element η ∈ Êxt
i
R(R/I,X). Assume that η is repre-
sented by the top vertical map in the following diagram:
R
s
// R


a1
...
an



U−i
∂U
−i
// U−i−1
ej

R
s
// R
Since η is assumed to be nonzero, aj /∈ I for some j. Letting ej denote the unit row
matrix with 1 in the jth component, we see that the composition of the vertical
maps is just multiplication by aj . From the assumption on the differentials of
U , it follows that this map ej corresponds to an element θ ∈ Êxt
−i−1
R (X,R/I).
Thus we obtain a non-degenerate pairing by setting 〈θ, η〉 = aj ∈ R/I. A similar
argument holds if we take η ∈ Êxt
−i−1
R (X,R/I) nonzero. Moreover, this pairing is
obviously associative in the sense that, if η ∈ Êxt
i
R(R/I,X), φ ∈ Êxt
j
R(X,X) and
θ ∈ Êxt
−i−j−1
R (X,R/I), then 〈θφ, η〉 = 〈θ, φη〉. From Section 2 we therefore obtain
the following result.
Theorem 4.5. Let R be a commutative local ring, I an ideal, and assume that R/I
has a complete resolution of the form
· · · → Rb2
∂2−→ Rb1
∂1−→ R
∂0−→ R→ · · ·
with Im ∂i ⊆ IR
bi−1 for all i. Furthermore, denote by A the Tate cohomology ring
Êxt
∗
R(R/I,R/I), and assume that A
≥0 contains a regular sequence of length two of
central homogeneous elements of positive degree. Then
A ∼= A≥0 ⋉A<0.
14 PETTER ANDREAS BERGH, DAVID A. JORGENSEN & STEFFEN OPPERMANN
References
[Au] M. Auslander, Isolated singularities and the existence of almost split sequences, Proc.
ICRA IV, Springer Lect. Notes in Math. 1178 (1986), 194-241.
[AuBr] M. Auslander, M. Bridger, Stable module theory, Memoirs of the A.M.S. 94 (1969),
American Mathematical Society, Providence, RI.
[AuReSm] M. Auslander, I. Reiten, S.O. Smalø, Representation theory of Artin algebras, Cam-
bridge Studies in Advanced Mathematics, 36, Cambridge University Press, Cambridge,
1995, xiv+423 pp.
[AvVe] L.L. Avramov, O. Veliche, Stable cohomology over local rings, Adv. Math. 213 (2007),
no. 1, 93-139.
[BenCa] D.J. Benson, J.F. Carlson, Products in negative cohomology, J. Pure Appl. Algebra 82
(1992), no. 2, 107-129.
[BerJo] P.A. Bergh, D.A. Jorgensen, Tate-Hochschild homology and cohomology of Frobenius
algebras, to appear in J. Noncommut. Geom.
[BerOp] P.A. Bergh, S. Oppermann, Cohomology of twisted tensor products, J. Algebra 320
(2008), no. 8, 3327-3338.
[BoKa] A.I. Bondal, M.M Kapranov, Representable functors, Serre functors, and reconstruc-
tions, (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 6, 1183-1205, 1337;
translation in Math. USSR-Izv. 35 (1990), no. 3, 519-541.
[Bu] R.-O. Buchweitz, Maximal Cohen-Macaulay modules and Tate-cohomology over
Gorenstein rings, 1987, 155 pp; see
https://tspace.library.utoronto.ca/handle/1807/16682.
[Ho] T. Holm, Hochschild cohomology rings of algebras k[X]/(f), Beitra¨ge Algebra Geom.
41 (2000), no. 1, 291-301.
[HuJo] C. Huneke, D.A. Jorgensen, Symmetry in the vanishing of Ext over Gorenstein rings,
Math. Scand. 93 (2003), 161–184.
[Ke] B. Keller, Calabi-Yau triangulated categories, in Trends in representation theory of
algebras and related topics, 467-489, EMS Ser. Congr. Rep., Eur. Math. Soc., Zu¨rich,
2008.
[KrLe] H. Krause, J. Le, The Auslander-Reiten formula for complexes of modules, Adv. Math.
207 (2006), no. 1, 133-148.
Petter Andreas Bergh, Institutt for matematiske fag, NTNU, N-7491 Trondheim,
Norway
E-mail address: bergh@math.ntnu.no
David A. Jorgensen, Department of mathematics, University of Texas at Arlington,
Arlington, TX 76019, USA
E-mail address: djorgens@uta.edu
Steffen Oppermann, Institutt for matematiske fag, NTNU, N-7491 Trondheim, Nor-
way
E-mail address: steffen.oppermann@math.ntnu.no
